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SPARKCHARTS™

PR

DEFINITION

EXPONENT RULE: LOGRITHM RULE: RE

ial=a

! a” =1 (unless a = 0)

¢ Acrelation is a set of ordered pairs of values (x,y) that |

“go together.” Plotted on the Cartesian plane, a relation |
is any set of points. Ex: The unit circle in the plane is a !
relation; it is the set of points (z,y) that satlsfy
2?4+ y? =1

¢ Afunction is a set of ordered pairs (z, ) so that for each
a-value, there is no more than one y-value. Plotted on
the Cartesian plane, a function must pass the vertical line
test: Every vertical line cuts the graph of the function at
most once.

¥ x=a Yy =0
a .
/ L
| 0| ’a % / OI 10 x
Function Not a function

log,a=1
log, 1 =0 for all (positive)

i The expression 0" is bases a.
i undefined.
QloBab — p log, a" =n
a™ =g Mg log, (be) = log, b+ log, ¢
! = a™ b
(i ey log, (Z‘) = log, b —log, ¢
B 1 1
g = R log, 5= —log, b

log, b" = nlog, b

3 1
ar = ¥a log, Vb= — log,, b
a% = Yam = (Ya)" log, Vb = 10g‘1

A function can be thought of as a rule for generating val- |

ues. Plug in a value for the independent variable (fre-
quently z) and receive a value for the dependent vari-
able (frequently y). We say that “y is a function of z,”
and write y = f(z)—“y equals f of 2",
The domain of a function is the set of all allowable val-
ues that can be plugged in for the independent variable.
Ex: The domain of the function f(z) = 1 is all real num-
bers except 0.

¢ The range is the set of all possible outputs (values of the
dependent variable). Ex: The range of the function |
y = sina is the set of all real numbers between —1 and !
1, inclusive (the closed interval [—1, 1]).

WRITING FUNCTIONS DOWN

¢ A table keeps track of input values (Ex: time of day) and
corresponding output values (Ex: number of trucks on
U.S. 66) of a function. There may not be a universal
equation that describes a function. :

W OF EXPONENTS

AND LOGARITHMS

¢ Exponents: In the expression a” = b, a is the base, n is

the exponent.

o If n is an integer, then a" represents repeated multiplica- |

tion: a" = @ - a---a, and b is called the n'" power of a.
Ny’

n times
e If n is any rational number (say, n = %), then

a" =as = a".

¢ Logarithms: log, b = n is the power to which you raise @ |

to get b. REMEMBER: Logarithms are exponents:
log, b = n if and only if ™ = b.
Both a and b must be positive; also a # 1.

e Ifbasea > 1thenlog, b > 0whenb > landlog, b <0
when b < 1.

¢ logb means log,, b. It is often used in applied sciences
and by calculators.

* eisaspecial irrational number (approximately 2.71828) I
often used as a base for logarithms. The logarithm base !

e An equation such as f(z) = 2> + 1 describes how to
numerically manipulate the incoming variable (here, =)
to get the output value f(z).

¢ Agraph represents a function visually. If y = f(z), then
plotting many points (x, f()) on the plane will give a
picture of the function. Usually, the independent vari-
able is represented horizontally, and the dependent vari-
able vertically. Again, there need not be a single equation
for a function described graphically, but the graph must
pass the vertical line test.

VERY FAMILIAR FUNCTIONS

e Linear Functions: The equations whose graph is a line
(Az 4+ By = C) give functions for y in terms of = when
they are converted to the form y = ma + b. Exception: |
If B = 0, the line is vertical and the equation © = % is
not a function. :

* Quadratic Functions: The equations whose graph is al
parabola (y = ax? + bz + ¢) are quadratic functions.
For more on exponents and logarithms, see the
Algebra I and and Algebra II SparkCharts.
¢ is called the natural logarithm and is written :
log, @ = Inx. The natural log follows all logarithm '
rules.
¢ Any logarithmic expression can be written in terms

of natural logarithms using the change of base for-

_ Inb
mula log, b = ;.

ADDITIONAL EXPONENT RULES

n

o -5

<%>*" -

= a"b"

CHANGE OF BASE RULE FOR LOGARITHMS

Changing the base is multiplying by a constant.
log, b = log, clog, b. The ¢ is “canceled.”
Also, log, b=

log, a

 EXPONENTIAL AND LOGARITHMIC FUNCTIONS i

BASIC EXPONENTIAL FUNCTIONS:
f(x) =

| An exponenﬁal function has the basic equation f(z) = a*.
{ Here, a must be positive and a # 1.

e Domain: all real numbers. Range: all positive numbers.
y-intercept at 1.

e Behavior: If base a > 1, the function is constantly
increasing; it grows extremely fast for positive z, and

approaches 0 for negative . If a < 1, the function is 1

constantly decreasing; it takes very large values for neg-
ative x and tends towards 0 for positive z.

Yy Yy
(1,0) (1,0)
01 x Ol X
y=a"witha>1 y=a"withd<a<1

e The graph of f(z) = (1)" is a reflection of the graph of i

f(z) = a” over the y-axis. See Reflections over the Axes.

e Fora > 1, the graph of f(z) = a” grows faster the larger |

ais.

Reciprocal bases

Bases greater than 1

f(xz) =e” ~ (2.718)" is often thought of as the quintes-

sential exponential function. Any exponential function can !
be reexpressed with base e: if f(z) = a”, then, since
a = e™ wehave f(z) = e*"® Ifa > 1, then the graph of
f(x) = a” is the graph of f(z) = e* stretched in the - |
direction by a factor of In a. Every exponential function has |
the same basic shape.

GENERAL EXPONENTIAL FUNCTIONS

The most general exponential function is given by the equa-
tion f(z) = Ca” + K. Equivalently, we let b =
write f(z) =
stant added to x, since
atth = (CLI")GT.)
|C| determines the
vertical stretch of the
graph. Stretching the
graph vertically has
the same effect as
shifting the graph hor-
izontally. If C >0,

flx)=-3-2"+5

Ina and !
Ceb 4 K. (Note that C' can swallow any con- |

the graph is oriented upward; if C' < 0, it is oriented |

downward.

e a (or b) determines the horizontal stretch; if a > 1!

(b > 0), the graph increases to the right; if 0 <a <1 !

(b < 0), it increases to the left.
e K is the value the function approaches in the exponen-

tial decay. The line y = K is a horizontal asymptote. '

The y-interceptis C' + K.

A 3 A U UH
i PO \ i 0
RO GRAPH
Two points and the height of the asymptote are sufficient t
find the equation of an exponential graph.
o If we know asymptote y = K, y-intercept yy, and poin
(z1,71): The function is y= Ca” + K, wher
C' = yy — K and a is the base such that a®* = "“gK.
e If we know asymptote y = K and two points (o, Yo
and (x1,y;): Divide the two equations yy — K = Ca™
and y; — K =Ca"™ to find base a such tha
gm0 = =g K Useatofind C' = L.

LOGARITHMIC FUNCTIONS :

A logarithmic function has the

form y = log, «. The domain

is positive numbers only

(log, 0 is undefined); the

range is all real numbers.

There is a vertical asymptote /

at © = 0. The graph is always F B

increasing; it grows very

quickly for 0 < & < 1, crosses

the z-axis at x = (), and then continues growing extremely |

slowly—slower than any root function—for > 1.

¢ The graph of the logarithmic function y = log,, 2 has the exact
same shape as the corresponding exponential graph y = a*,
reflected over the line y = . (True because the two functions
are inverses. See Inverse Functions.)

¢ Natural logarithm: f(z) =Inz is the logarithmic
function with base e ~ 2.718.
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PRE-CALCULUS

' CHANGING A FUNCTION: SHIFTS, STRETCHES, REFLECTIONS

TRANSLATIONS REFLECTIONS OVER THE AXES i o To find the inverse function, switch the roles of z andy
A franslation of a function is a shift vertically, horizontally, ' Reflecting a function over the axes creates a new function in the equation, effectively W”ting & _ ”l/) Then
i or both; the shape, the orientation, and the scale of the | which is the same shape and size as the original. solve‘for y. If Jon gan solve for y “reversibly,” then the
i graph are all unchanged. i e Reflection over the x-axis: The function y = — f(2) isa function hasan inverse: ) )
{ e Vertical translation: Adding a constant ¢ to the equation | reflection of the original function over the z-axis. The | ° Ex: Linear function: y = ma + b. The inverse function

will shift the function vertically ¢ units (up if ¢ is posi-
tive, down if ¢ is negative). The new function
y = f(x) + ¢ has the same shape and the same domain
as the original function.

Horizontal translation: The function y = f(z —¢) isa
shift of the original function ¢ units horizontally (to the
right if ¢ is positive, left if ¢ is negative). The new function
has the same shape and the same range as the original

new function has the same domain as the original; the
range is the negative of the
original range.

Reflection over the y-axis:
The function y = f(—=x)
is a reflection of the origi-
nal function over the y-
axis. The new function has

isy=L(z—0).
e Ex: Exponential function y = a”.
isy = log, x.

The inverse function

NOTE: If f(x) takes the same value more than once, we
restrict the domain before taking the inverse. Ex: y = 2”
on the whole real line has no inverse, but the function
y = 2 on the positive reals only has the inverse y = /.

e Graphically, y = f~!(2) has the same shape as the

function. the same range as the ori;

: ¥ .3 ot . 8 & 5 Reflecting y = f(x) over -axis orginal function, but is reflected over the slanted line !

; y flx) =x"—4x+2 | inal; the domain is the i : 7 .
: flx) = 2 — dx ; . b.x i y = x. Ex: y = 27 and y = log, x are inverse functions. !
: ! negative of the original ! - H
: fi) = S48 | " y i See graphs below. :
: fx)=(x—3)2+2 CHSE == v domain: - ) : ; : :
] d L2 : y=fl I'“11 Properties of the inverse function :
' ‘2 i o If f(z)= f(—z), then : = g Ly : H
1 o7 % | . . i e Itisatwo-sided inverse: f~' (f(z)) = x for all z in the !
i f(z) is called even; it : s —1 7 {
p 0 %!  domain of f(z) and f (f~'(z)) = for all z in the |
* i remains unchanged when % = !
’ H domain of f~!(z). :
; reflected over the y-axis. i T . :
: Hotlzontal shiff Vertical shift ! k . ® The inverse of the inverse function is the original func- ;
i : Ex: cosz is an even func- ; i ( ) {2) = F(z). :
: 1 i H on: &)= filz :
J STRETCHES . . ) 5 |
' - ad ~ e If f(z)=—f(—x), then Reflecting y = f () over y-axis | '
T graph ofaibmetion canbe or comp vhoek- | f(x) is called odd. A reflection over the z-axis is the ! ¥ ;

zontally or vertically (or both), by multiplying by a constant.

¢ Vertical stretching, compressing: For positive ¢, the
function y = ¢f(z) is a vertical stretch or compression
of the original function. If ¢ > 1, then the function
y = cf(x) is stretch by a factor of ¢. If ¢ < 1, then
y = cf(x) is a compression by a factor of ¢. Horizontal
distances remain unchanged.

¢ Horizontal stretching, compressing: Again, for positive
¢, the function y = f (£) is a horizontal stretch of the
original function if ¢ < 1 (a compression if ¢ > 1) by a |
factor of c. Vertical distances remain the same.

same as a reflection over the y-axis. Equivalently, a
180° rotation of f(z) around the origin leaves f(x)
unchanged. Ex: sin x is an odd function. ! . /1 “

MLMQ

the line y =
VT UE |

~t
N
N
®
9 <
S &
b 3
®
— ¥ g
N
®

~
|

w
|

o

Switch the roles /
of z and y in the
equation; the re-
sulting relation
(set of points in
the plane) is a reflection over the line y = . If you can
solve the new expression for y, the reflected relation is
a function—the inverse function. See below.

NVERSE FUNCTIONS

ROTATIONS i

¢ Rotating 180°: A rotation of 180° is the same thing as a !
flip over the z-axis followed by a flip over the y-axis (or
vice versa, though, in general, order of flips matters).
Thus y=—f(—xz) is the
equation of a function whose
graph is a half-circle rotation of
the original. Odd functions (Ex:

OSPAR KCHARTS

K

0dd function

Even function

y N y=2f()

\

[\ y=flx)

Xy = k) 5 o ; e 1 sina, 2”) are unchanged after

: > i fthe.functlon f(x) passes the “horizontal line t(?st in its stich: & rotafion, The ‘domain

\ : domain—f(z) never takes the same value twice—then ; and range of the new function

\/ = -fx) i f(z) has a unique inverse f~!(z) whose domain is the ! are the negatives of the original
Vertical stretch range of f(x) and vice versa. :

function’s domain and range.

POLYNOMIAL REVIEW

SIMPLEST POLYNOMIAL FUNCTIONS f{x) = x"

The polynomial functions f(z) = 2™ come in two overall shapes.
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| A general polynomial in one variable can be reduced to the

i form a,a™ + a,_12" "' +---+ a1z + ag. The constants e Ifnisodd, f(z) = 2™ goes to —oc for negative x and o0 ! :
: ' P . poL and s is a factor of a. !
| ag, ai,... a, are the : for positive x. The range is all real numbers. The function | ; . !
| coefficients; expres- y V sossestlisgansiats =0 ! * To check for rational roots, list the factors s of the lead- |
| sions connected by =+ e if n is even : ing coefficient and the factors r of the constant term. |
| signs are called terms. f(z) =2" goes ’ Make all the possible fractions 4-~ and plug them in to

the polynomial to check if they are roots.

Report errors at
www.sparknotes.com/errors

| Two terms are “like” . off to 400 for : :
£ Ieme: I sy dovalve AAL-ET ¥ 1 largelz|bothpos- ./ ' GENERAL POLYNOMIAL ?
1 ]F‘Le gl of e ek 1o 2ne | itiveand negative. '/ | BEHAVIOR FOR LARGE | x| f
. like terms can be col- ! jon is al- ! . ; !
! lected and added Polynomial of degree 5 ! s e 1s.a1. y=a"foroddn; y = 2" forevenn. | For any polynomial function of degree 7, as x gets very |
| together to simplify the Rools: —2, —1, — %, 2,2 e nonnegative; ) ! large, either positively or negatively, the leading term will !
f el ial. The de- 4"tums* P t.ouches the z-axis at 2 = 0. ! dominate and determine the behavior of the function. :
{ polynomial. 1he Ge- ) ! As n increases, f(z) = 2" becomes flatter near the origin ! !
| gree of the polynomial is the highest power of z of any term ! and steeper everywhere else for both odd and even n. ki freven :
i after the polynomial is simplified; that term is called the lead- ! = ding . e p A !
! ing term, and its coefficient is the leading coefficient. The term | [ Mo Lo} 4§\ [l ol 288 s {o Lo =T ol o 1 ={0 )21\ 5 : coeficiant / B d il iuefor the :
¢ that involves no xs is the constant term. Ex: The polynomial | The search for roots plays a big role in polynomial life. | - () M Ra n. s VYV * o tion :
i above has degree n, leading term a,, 2", leading coefficient | Factoring is the way to go. 1 B 1 Rt ay 1
! ! all real - !
L an, and constant term . i * Factor Theorem: If a is a root of the polynomial f(x), B ormaynot | ‘
i * Aroot (or a zero) of a polynomial is any number a such | then we can express f(x) = (x — a)g(z) for some other ! have roote: |
that f(a) = 0. On a graph, this corresponds to crossing i polynomial g(z). In other words, a is a root if and only ! _ § B e S ;
i thez-axis. i ifx — aisafactor of f(x). To use: Leodfn‘g \W, i o loe fonth :
e The domain of any polynomial function is all real num- 1. Every time you find a root a, factor out z — a from ! coefficient | Eoak: . b W TR ‘fﬁnl::io(: % .
i bers. Agraph is always “smooth”—no kinks. the polynomial and continue the hunt for roots on | = " Range is e
i * A polynomial of degree n will have no more than n —1 | the quotient. all real exgts: May, !
' “turns”—changes of direction—in the graph; it will cross the 2. Whenever a polynomial has a linear factor ax + b, Mo, ;)lr mEyiot
: a-axis no more than n times (and so have at most 7 roots). then — & is a root. s i
a :
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GENERAL POLYNOMIAL FUNCTIONS (CONTINUED) m

¢ Real roots: Harder to find. y y=fx Ex: The polynomial 32° — 2% 4+ 52% + 722 — 22+ 5 a. Factor the polynomial as much as possible to find m
Intermediate Value Theorem : ¢ has 4 sign reversals, so it has 4, 2, or 0 positive roots. roots and reduce it to terms of smaller degree. Trmomex
for Polynomials: If f(x) is fby>0 o Also, the number of negative roots of f(x) is equal to b. Use the Rational Roots Theorem on the unfactored w0 wars
a polynomial, and for root 3 or an even number less than the number of sign pieces to find all rational roots. For each root a. L
some two numbers a and ) reversals in f(—z). Ex: With f(z) as above, divide out = ~’n to reduce.the degree. ) =_ (z
b, we have f(a) >0 and 5 & F(~2) = —325 — 24 — 5% + 72 + 2 + 5. Since | c. Use Descartes’ Rule .of Signs or the Intermx.edlate o :DED
f(b) <0 (or vice versa), : thiere i 1 isigns reversal, () iust Have: exactly 1 3 Value Theorem to estimate number and location of ‘tl‘nx:nor\:: .“;
then the polynomial f(x) ' negative root. : real roots. ) 3 deﬁgnc;i =i
has a rootbetween a and b, |piermediate Value Theorerm | 2 Plot all the real roots. For each interval between the roots, | o ooorti:.
This is intuitive if we believe for Polynomials 3 test a point to see if the graph is positive or negative on the ! 9 Thae—
that polynomial functions always have smooth graphs. { WITHOUT A CALCULATOR intexival. A polylnomial Wi". Cross (as'op.p'ose.d to touch) the | i alsg (,5\.;:

¢ Descartes’ Rule of Signs: The number of positive real 1. Determine the behavior of the polynomial for large |x|. ssenetssatnone s fiemd s i fisamd el ol ! lengtl:s ofa
roots of a polynomial f(x) is equal to or an even number 2. Find all the roots you can: f 4. {Sketch:the cirve, : acute angle:
less than the number of “sign reversals” in f (). : : : 0> 3. apy

RATIONAL FUNCTIONS |

;o Inother words, = = a is a vertical asymptote if f(z) — oo !

Arational function is a quotient of two polynomials: f (2:) = 20 ¢ To find the equation of a skew asymptote, use long divi-

q(z)’

where g(z) is not the zero polynomial. The domain of the func— pooor f(z) = —c0 as @ — a~ or x — a*. For rational sion to express "f[’; , where the degree
tion is all real numbers except the roots of ¢ (). 3 functions, f(x) — o0 as x — a from both sides. : of r(x) is less than the degree of q(x). The line
* An asympfote is a line, often vertical or horizontal, thata | A rational function ;{ Z'r; will have a vertical asymptote at | y = ax + b is a skew asymptote for the function.
AR i el I A e B e a8 fHoLes (‘reviovasie Disconinumics”) [NENINSMEEE
& — 00 or & — —0oo (often both). Rational functions will | ® More precisely, ﬁ will also have vertical asymptote HOLS { REMOVBLE DICON"N"'ES ] . "
more often than not have at least one vertical asymptote. | @ = @ if a isaroot of both p(x) and q(x), but the multi- | If vertical asymptotes disrupt the “smoothness” of a graph mol— | 2
o On agraph, an asymptote will usually be marked as a | plicity of a as a root of g(x) is greater than the multi- | 2 drastic way, holes (techmcalily, removable discontinu- i
dashisd litia. i plicity of a as a root of p(x). | ities”) are gaps where a function could have been (but . 1|
: - | wasn't) defined smoothly. y T
| o Determi;ini bshavior t;f f(x) near v;rtical asymptote o T the rational Hifio: , 1
() ; N H the si z t I- ! secf — | —
A rational function 2) will cross the z-axis at all the roots | e _e o f(i,) (o . . g b { tion f(x) = 5, if a z >
q(z 4 ues) as ¥ — a~ and x — a™. Easiest to do when both | t fb th
of p(x) that are not also roots of ¢(x). ! s : is a root of both p(x) = .
plx) ! numerator and denominator are completely factored. ! d q(z) (with tt o = ™
* More precnsely, will also have a zero at @ if it is a root | (20— 1)( v+3) : and g(z) (wit e =
a() e Ex: The function f(z)= =Dt pag vertlcal ltiplicit y
of both p(x) and ¢(), but the multiplicity of a as a root of ! same  multiplicity),
s i | asymptote & = 0. When x approaches 0 from the left, then— though SOHCAHTOA: “S:
p(x) is greater than the multiplicity of @ as a root of g(x). 1 en—even oug ! AdjacentoverHyp
i 2e=1< () 2z 3 > 0and x < 0. So the sign of f(x) as | f(a) is not defined "

All Students Take
main trig functio

) ) B !
CALCULUS NOTATION iz — 07 (7) = +. The sign of f(z) as ! because denominator

' TR A ()| G T
This notation is frequently used to describe the “end behay- | @ — 07 is 5= = —. Near 0, the q(a) = O—the func-
tion passes over the

ior” of a function (i.e., what happens when || approaches

function looks like the figure at right. quadrants: I: A

! H Mm:T

o) or to describe the function near points where it is not  F¥IEY- TPl Ry AWV VoAV - R 0ok 8 1) : point a without major ; e —

defined (such as vertical asymptotes). ; ; : % : hitches, leaving a ; : Al_l IHigonouEEs

Usage: Ex: If f(2) = 2", then f(x) — coasx — oo. Ifnis | Bngtion. 7:(} Hias @ hovizontol insymptone st b I 7iz) : small hole (sin, cos, sec, €
L e - ' . : approaches—but never reaches—the line y = b for large |z| | . e : :

odd, then f(z) — —occ as @ — —oo. If n is even, ! . ; ; : Note: The function /( T) = has all the same | . TRIGONOMETR

f(z) = +o0 as |z| — 00 i e More precisely, y = b is a horizontal asymptote to f(z) ! 1 - t(’;ﬂ)( ? F(~2) is unde- I

Y s s o o] sica e : : - i i ; -

. 'S i if f(x) = basx — oo or # — —oo. For rational func- | ;1:(:5;;]{2 (- ) 73 ixi:ep Sl it ‘ : Sum and diffes
Notation Meaning : tions, f(x) — basa — oo on both sides. } 4 e f | sin(A+B)=
b 60 1 inEreases withoutbound ;f f;(: is a. lr]atioz'la)l SUMMARY: RATIONAL FUNCTION SKETCHING § cos(A+B) =

. function with p(z | : . o an—1 : :
) ) : ' : " px) G Z" F Gp—it +-+a ' :
r — —o0 x decreases without bound ! and ¢(x) polynomials ‘\\ ! Suppose f(z) = T =3 Iq-m = b” 1] T [[,)“ il : Double-angle |
R . | \ ¢ m¢ m—11 e ; ! sin(24) = 2sh
r| — oo x increases both positively and negatively + with leading terms - -+ = . : :m\( 94)‘ =
¢ ax™ and ba™, then: ! 3 Local behavior: : cos(24) = cos
x—a  approachesa [ e If n<m, then i % | e Ifp(x) and () have no roots in common: ; =20
r—a®  xgets close to a while staying greater thana; |y = 0 is a horizon- : e [f@) WiAH cross the """}’ds at each root of p(x). i E“M
x approaches a from the right | tal asymptote. 19 .:\‘l’,}.';n‘.](. ; * S ")) will have a vertical asymptote at each root °f3 A
. X i {e If n=nm, then |, E= q(x : sin = =4 —
Tr—a 1 gets close to a while staying less than a; ! y=9 is a hori- y e If p(z) and ¢(z) have a common root a, r is the multi- \ )
« approaches a from the left | zontal asymptote. } plicity of a as a root of p(x), and s the multiplicity of a E’"_"’gae"' ®
: 2 : t of g(): R e
VERTICAL ASYMPTOTES jim 0 fill, e y=2e=l il a5 ragtarglo): e
Function f(x) has a vertical asymptote given by the equa . there are no hori- =171 asymptote | ¢ 1Ifr > s, then f(x) crosses the z-axis at a. tan" A+1=s
2 - t y=0. o Ifr =s,th 2) has a hole at a.
! zontal asymptotes. h ol r = s, then f(x) hasa a Special trigon
I

tion r = a when the value of of the function increases with- As = — 400 on -2 : o Ifr < s, then = a is a vertical asymptote.

out bound as x approaches a.

! both sides, the ! vertical © End behavior: Veed st
Four types of ro?ion_ol function behavior function behaves :': ":"'l'““‘ ! e Ifn < n, then the function has a horizontal asymptote. 0° 0
near a vertical asymptote: ' more and more A = Lo Hn=m+ 1, then the function has an oblique asymp- . _
] . A f(x) = 22=1; crosses its ' 30° =
P il s i like the polynomi- {==1) : tote. 5
) [ 3 : al gn=m, gsymploteiy=0 i o Ifn >m + 1, then the function approaches the graph of 45° B
: . Ratlonal functions may approach their horlzontal ﬁ" "~ asymptotically. 60° =
J : asymptotes from above or from below (or from both : : i b
I I above and below). ' ' 90° 3
2l | » Eventhough afunction with horizontal asymptote y = bwﬂl | i
| : approach but never reach b for large ||, the function may | ' } : m
: ' cross the line y = b before it reaches its “asymptotic behav- | } : : Sinusoidal fu
flz)<0forz <a Neara, f(x) > 0fora <a | for” stage. : ! ' y= Asin B{1
.0forr>a and f(z) <0forz >a. | ! |l : o |Alisthean
BIUE ASYMPOTES “‘“ﬁ’f‘z’{’ o o bl
s L 1t i degees o gl ; 2\l i3 5 i average
’ : y one more than the E | : : halfway bet
: ! degree of ¢(z), t,h(el? the : ; | e
- . p(x) |
= + : que (a.k.a. x+2)(x-3)x-5)x-1 ; ! the fanciion
: ! slanted or skew) asymp- 2(x+1)x-2)"x-1) ' P
| ! fote. Horizontal asymplote: y = & e fne P‘
1 : Verfical asymplote: & = —1 and « = 2 val of lengst
- : Removable discontinuily at 2 = 1 e h is phase
Near a, f(z) >0 Near a, f(a) < 0. ; cycle is from




POLAR COORDINATES

TRIGONOMETRIC FUNCTIONS Polar coordinates describe a point e If ¢ > 1, the limagon %

Trigonometric functions are commonly thought of in P = (r,0) on a plane in terms of its l’/f“" o has an inner loop. If A% o0
two ways: bzl distance r from the pole—usually, the o % < ¢ <1, the lim- =
1. Any angle ¢ defines a point Ll origin O—and the (counterclockwise) PRy - e acon has a dimple (or

P = (x,y) on the unit circle: if angle f that the line O P makes with the dent). If ¢ < 1, the

180°

Ojisthe originand A = (1,0), == polar axis—usually, the positive z-axis. |n Cartesian limagon is convex (like

'trhe.zn P h:? 'f”“lt,op =9. To identify a point, it is standard to coordinates, ' a “squashed” circle). "

dg%?:;?:g:msug: zégidaze oy limit 7 > 0 and 0 < @ < 27, although ~ I” = (rcos0.rsinf); o  Asine limagon is ori- )

the coordinates of point P. — o (-r0)=(r,0£m), and. ented‘ up-down. The Cordiod ¥ g ®
2. Trigonometric functions are ¢ 5 oppodlia o (r,0) = (r,0 + 2nm) for integer n. : loop is on the bottom o

also given by ratios of side

! inr =1+ ¢sinf; on i Ly
lengths of a right triangle with # b c CARTESIAN—POLAR CONVERSION ! topinr = 1 — esin 6.

adjacen: . G = H 150°
acute angles # and  — 0. For o e From Cartesian to polar: = \/x% + y?; 0 = tan™"' £ | e A cosine limagon is
0 > 7, apply the right triangle definitions to a| e From polar to Cartesian: = = rcosf; y = rsinf H oriented left-right. The ri= 142 sin
reference angle (if 5 <0 <, Of =7 —0; if : loop is on the left in »
T <0 <3, Ot =0—m; ete), and attach the FUNCTIONS IN POLAR COORDINATES ' r =1+ ccosf; right
appropriate = sign (or just use the unit circle). Functions in polar coordinates usually define r in terms of 6. .~~~ fcn; p 2100
Func. Unit Right Domain Range They need not (and almost never will) pass the vertical line test. o The graphs of I -
circle friangle Circles: r—a+bsin® and Loopedlimagon 270°
- H 1 1 Peat 90°
sinf |y le all real numbers [-1,1] * Thegraphof r = aisacirdleofradius |a| centered at the origin. r=a=xbcosf are 120° 60"
P e The graphs of equations r = asinf and r = acosf are limacons stretched
adi i AP ¢ n s
eondl| 1,‘\( s [=1,1] circles 01.P has rac?ms |4 c.fntered at the (Cartesian coordi by a factor of |al.
p 13 2 i 143 1
Vi nate) points (0, 5) and (5, 0), respectively. Factor out a to get ol 10 Dot
Y R . ' . a
tan 0 l @ N 2.52\15 e)fept all real numbers Roses: Co :_: If a is nega- -
T | ad Tt 2 The graphs of equations r = sinnfl and r = cosnfl give roses ! tive, its orientation
- il hyp | all reals except fesoTlufl Foo) with 7 petals if 2 is odd and 27 petals if 72 is even. is reversed. 210
y opp km e Cosine roses: Always symmetric about the x-axis. If n is |
! 240° 300° i
1 hyp | all reals except even, also sym- 90° (=2, 0=90") ' Dimpled limagon s ‘
secd |- | I | @irealsexcep —00, —1]Ul[1, +o0 : 120 o :
7 | o krt T (=00, —=1]U[1, +o0) metric about EELE < v \VIVIETRY
) . the y-axis. 150° a0° '
ot & adj all r?}; e o Sineroses: ..., e These tests guarantee symmetry, but they are not exhaustive. |
Y opp excep) Always  sym- " B e x-axis symmetry: If the equation is unchanged when ¢ is
SOHCAHTOA: “Sine is Opposite over Hypothenuse; Cosine is metric  about b 2 replaced by —6, the graph is symmetric about the z-axis. |
Adjacent over Hypothenuse; Tangent is Opposite over Adjacent.” they-axis. Ifn is ! o y-axis symmetry: If the equation {s unchanged when 0 is re- |
All Students Take Calculus tells which of the & i even, also sym- s Loy placed by 7 — 6, the graph is symmetric about the y-axis.
main trig functions are positive in which gl metric  about rmc BB i S ) 8 Origin symmetry: If the equation is unchanged when 7 is
3 40° 0* ! 5 5 ..
quadrants: I: All; II: Sine only;  Tangent| Cosine the z-axis. 2700 ' replaced by —r, the graph is symmetric about the origin
I11: Tangent only; 1V: Cosine only. ! the graph is unchanged when it is rotated 180°.

Limagons and Cardiods:
The graphs of equation » = 1+ ccosf and r = 1 + ¢sinf
are called limagons. When ¢ = 1, the limacon is called a |

. TRIGONOMETRIC IDENTITIES cardiod (it is “heart’-shaped). { * Thegraph of thefunctions = af(6) isa dilation of the graph
| Assume that ¢ is positive. | of r = f(6) by a factor of |a|. If a is negative, the graph is

also reflected through the origin (same as a 180° rotation).

All trigonometric functions are periodic with period 27

o The graph of the function » = f(f — «) is a rotation of the
(sin, cos, sec, csc) or 7 (tan, cot). i

graph of = f(#) by «v counterclockwise.

©SPARKCHARTS e

Sum and difference formulas

sin(A + B) = sin Acos B + cos Asin B
| cos(A £ B) = cos Acos B F sin Asin B COMPLEX NUMBER

o}
, o3
Double-angle formulas COMPLEX NUMBERS i TRIGONOMETRIC FORM: “é z
sin(24) = 2sin A cos A * Imaginary numbers are square roots of negative numbers. | ISl MESREINTY N % S
cos(24) = cos? A —sin? A They are expressed as real multiples of i (= \/=1). | Trigonometric or polar form of a complex number comes from % = g
=2cos?A—1=1-2sin*4 e Complex numbers are all numbers a + bi where a and b : identifying the points on the complex plane with polar coordi- | 3 E%
Half-angle formulas are real. Complex numbers are all sums and products of | nates. Multiplication and division are simple in this form. | B % £
real and imaginary numbers. i * In trigonometric form, = + yi = r(cos + isinf). Here, | §§ = i z
s A_ a5 [l—cosd  A_, [lt+cos4  The complex conjugate of a + bi is a + bi =a —bi. | = /a? +y? is the modulus, or the distance of the poin £ i 53 S
2 2 2 2 Also, a — bi = a + bi = a + bi. : from the origin, and # = arctan £ is the argument, or the | &5 ‘z E o
Pythagorean identities o The product of a complex number and its conjugateisa | angle that the line OP makes with the positive z-axis. g 2 ST »
b einga et A real number: (a + bi)(a — bi) = a? + b2. | e Sometimes cos @ + isin ¢ is abbreviated as cisf and this | E 9% k4 0
§ = : - g - i 583 3
| tanZ A+ 1= sec® A 1L et A= age2 e Addition, subtraction, and mulfiplication: Complex num- |  notation is called “cis notation. 5823 g
| ; bers are added and multiplied like polynomials, keeping !
| Special trigonometric values : : i : PRODUCTS, QUOTIENTS,
! the real and the imaginary part separate: # AND DEMOIVRE’S THEOREM 0
1 0 (de f(rad  sinf 208 0) tan @ i - di) = g i ] g
Z (deg) sin cos . (l(tl.+l.1n)t.i (c+ ‘],') ; _(a 1«-.1) + (b+d)i. o Multiplication: 9
0° 0 %ﬁ =0 o 1 0 PR IZ? 10In, ulsle :l L b'l I+ boYi (r1(cos by +isinfy)) (ra(cos by +isinfs)) S E
& Vi_1 B B - Meniiln-ii] = (o= Bk e B . = ryra(cos(6y + 0) + isin(8y + 62)) g3
6 2 =2 2 3 e Division: To divide one complex number by another, mul- : T o I8 00) (10 cis o) = 717 cis(Bs + B b .g
45° z V2 V2 1 tiply top and bottom of the fraction by the conjugate of the | cismotation, (ry oiath) (Puciabs) =rur; Tis(fh -+ 83). &
1 2 3 ; b ; | e Division: ol
V3 i = denominator and simplify the numerator. : o €a
60° kg Y3 1 V3 atbi _ (a-tbi)(c—di) ; ri(cosfy +isinfy) . 2
3 2 2 e oy : ﬂ:_—(cos(ﬁy76’2)—#15111(91——92)) §
90° % 4 -1 0 ro(cos Oy + isinfy ) H

undefined | o Y | . _
: rycis r

! e Complex numbers can be y i Incis notation, —— = — cis(61 — ) .
il GRAPHING SINE AND COSINE CURVES P ; 243ie 8 : racisfy 72
= . 3 " A represented as points on a —imaginayeds {0 re’s Theorel eI owers:
Slnusou:!al functions can be written in the form plane (just like real num- 2i : 0.9 g "','—' ” 9‘ gF’_L e y
y = Asin B(x — h) + k. bers can be represented as ; S5 : (r(cosf +isind)) ; r™(cosn ,91 sinnf)
i i : 3 L " . " Pkl H i 3 ~cis§)" = r™ cisnf.
e |A] is the amplitude. amplitude points on aline). The num- ~—5 55—} TREI In cis notation, (r cis ) T cisT ‘
. q i 7 & ~\ ) o—i 1 . o :
* k is the is Ithe ' \\ A \ ber a+ bi is represented Leed real axis | * Extracting roots: The complex number r(cosf + isinf) !
e U ET Gl A --- : —9i ] ol
;Iv;::geb s Yo l:: y G, k) \ as the point (a, b). Gi has exactly n complex n'" roots (Here, 7 is a positive inte- |
halfway between the N/ : P _ai . o NS
vay d th S * The horizontal axis is the e ger and r is positive.) The roots are {/7(cos¢ + ising),
e v period 2= real axis. Points on the 2-axis represent real numbers. where ¢ — 8 0+360° 6+720° 6+(n—1)360°
) ini . P N " . i T Wi oty e o weg T e
minimum value of ;- AsinBu-m -+ e The vertical axis is the imaginary axis. Points on the y-axis | B & "

e The n complex roots of r(cosf + isinfl) are evenly !
spaced on the circle of radius {/7 centered at the origin. |

o The easiest way to find the n'" roots of any complex
number a + bi is to convert it to trigonometric form ;
and use this method.

the function. represent imaginary numbers.

. %r is the period. There are B cycles in every inter- | o The complex conjugate of a number is represented by the
val of length 27, so %is the frequency. point reflected across the z-axis.
o ] is phase shift, or how far the beginning of the | ® The product of a number and its conjugate is the square of i
cycle is from the y-axis. its distance from the origin: (a + bi)(a — bi) = a®> +b*. !




